
Solution 4

1. suppose X i s a Banach space.
Let Y = / f E X : f io ) = O Y.
Claim: Y i s Banach space .w r t the supnorm.
Pf: l e t Hnl be a Cauchy sequence i n Y ,
then there exists f t X , Hnl converges t o f uniformly

o n l - l , l ) .
Hence, 0=1infofnt01 = #o) , f t Y .

l e t T : X → y defined by
THINK f i f i t )d t

.

'

claim'. T i s surjective bounded. linear operator.
Pt: LITHIAqq.fi/HixYEs*.uff,lxliHfHx=HHlx, thus. " THE 1 .

The linearity follows by the definition.
T i s surjective a s T l f ' ) = l i t i t ,I t = f ix)
for any XC. Y.

ByOpen mapping thin, T i s a n open map fromX t o Y . Let Vbe the

openun i t ball i n Cbc-1,11, then 0 i s interior point o f TIU).
Claim: forany E >o , f f t Y : Hf-011<4 § T I U ) .

I f the claim holds, 00cannot b e a n interior point o f T IU) , which

i s contradiction. Therefore X i s not a Banach space.
proof o f the claim:
Forany E >0 , choose felxk E -sin#x) t f f t Y : Hf-011<4,

then FEET(Ge)1×1=55as#tidt ,
where 9eW= AREN.
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However 11916=1, that i s , g e t U .
This implies. 1 f t ' t : Hf-011<4 § T I U ) .

2 . l i t⇒ i i i ,
suppose 1111×111 i s bounded

, e x t - X ,
i n other words, there e x i s t s a const Mx>o , s t

is:p, HTnxll E Mx , t a x .

l e t f t Y * , then I fitnxil E HHI.HTnxlltlHH.mx
I i i )⇒ l i l

suppose ( thnx)) i s bounded
, o f t Y * .

Consider the mapping Q : Y - Y't't defined a s

Q l y ) ( f ) = f ly ) , TYTY, f t Y't.

Let Yn=Tnx , then w e have

Qlyn) ( f ) = f l y, ) = t h n x ) .

Hence, (Quentin) i s a banded sequence.
Since Y * i s Banach space, by Unit Boundedness Thm,
(Qian) i s a bounded i n Y # .

Since Q i s a n isometry, Hamill = 11%11=1112011, which induces
that 11112×111 i s bounded,

l i t ⇒ Iii;) I t follows by uniform boundeness Th in .

I i i i , ⇒I i ) Suppose 11h11 EM , f ni-N.

Then HTnx" E 11h11. 11×11 E M 11×11
, V.x t X .

(HTML), i s bounded for any x t X .
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3 .

T i X i f
linear isomorphism.

I f Tuned, then T'' closed.
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